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Introduction

Factoring polynomials over Qp IS an important
problem in number theory.

For example, it is used to factor rational primes
p over number fields.

Until recently, algorithms used in practice took
exponential time in worst case.

Chistov gave a polynomial-time algorithm, which
would be difficult to implement.



Recent Developments

In the past few years, three groups have

independently come up with new, practical
algorithms.

Bernd Souvignier and C. R. Leedham-Green
wrote a new algorithm for MAGMA.

PARI now uses an improved version of the
Round 4 algorithm due to Ford, Pauli and Roblot.
Pauli showed it has expected time

O (n3 log n(nlogn + ord AF))

field operations.



Recent Developments (cont’'d)

Our algorithm runs in random time
O (n4—|—e |OgQ—|—e | Ap | |Ogl—|—e pk)
bit operations.

An extension of the algorithm works over other
local fields.

Over the field Fy((X)) of Laurent series, it can
be used to resolve singularities of plane curves.



Basic idea

Try to factor F(X) using “easy” methods
(Newton diagram, factor modulo p).

If that fails, find an A(X) such that we can
factor

R(Y) = Resy (F(X),Y — A(X)).

This will lead to a factorization of F(X).

All the new algorithms use this idea;
the difference is in how A(X) is found.



Some Lemmas

Lemma 1 Suppose that F(X) and A(X) are
polynomials in K[X], with F'(X) monic of
degree n. Put

R(Y) =Resx(F(X),Y — A(X)).
T hen

1. R(Y) is a monic polynomial of degree n

2. F(X) divides R(A(X)).



Lemma 2 Suppose R(Y) = R1(Y)R>(Y) is a
factorization of R(Y). Then

F(X) = 1 (X)F>(X),
where

Fi(X) = gcd(F(X), Ri(A(X))).

Lemma 3 If R(Y) is irreducible over K, then
F(X) is also irreducible over K.



Lemma 4 Suppose L is a finite algebraic
extension of K, and that G(X) is an irreducible,
monic factor of F(X) in L[X].

Put H(X) = NormL/KG(X).

Then gcd(F(X),H(X)) is an irreducible factor
of F(X) in K[X].



Newton Diagrams

The Newton diagram of

n
R(Y) — Z CLiYZ
i=0
is the lower boundary of the convex hull of
points (i,orda;) € R2, for each nonzero term

CLiYi of R(Y)

We call R(Y) pure if ag = 0, n > 1, and the
Newton diagram of R(Y) is a straight line.



Newton Diagrams (cont’'d)

YO 4+ 16Y° 4+ 10Y4 4+ 4Y2 4+ 16Y + 32.
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Newton Diagrams (cont’d)

Lemma 5 If R(Y) is not pure, then R(Y) fac-
tors into two non-constant polynomials in K[Y].

Lemma 6 (Generalized Eisenstein criterion)
Suppose R(Y) is pure, and its Newton diagram
has slope k/n, where gcd(k,n) = 1. Then
R(Y) is irreducible.
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R*(Y)

Send Y — p3Y'1/" to flatten, compress New-
ton diagram.

R(Y)=Y%+2Y4 4+ 16Y3 4+ 4Y2 4 48Y + 24.
RI(Y)=Y34+Y24+Y+1€K.

Factors of R*(Y) over K will give factors of
F(X).
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Hensel Factor

Input (K, F(X),A(X)).

1. Compute R(Y) = Resx(F(X),Y — A(X)).

2. Hensel Factor succeeds if
(a) The polynomial R(Y) is not pure.

(b) The polynomial R(Y) is pure and R*(Y)
factors over K[X].

(c) The polynomial R(Y) is pure and R*(Y)
is the eth power of a(Y') of degree > 2.

(d) The polynomial R(Y) is pure and the
slope of its Newton diagram is k/n where
(k,n) = 1.
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The p-adic Factor Algorithm
Input: (K, F(X)).
Start with A(X) = X.
Apply Hensel Factor to (K, F(X),A(X)).
If it succeeds, great. Otherwise,

RY)=("—ap>)™+ ...

We have ord A(z) = s/r for each root z of
F(X).
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The p-adic Factor Algorithm (cont’'d)
Find a new A(X) for which either:
1. Hensel Factor successfully factors R(Y),
2. ord A(x) is increased,

3. deg A(X) is increased.

Since deg A(X) < n, and

ord A(x) < deg A(X) -ord Ap,

the algorithm will terminate in a bounded
number of steps.
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Example

Factor
F(X) = (X —4)%(X?-2) 42100

over Q».

F(X) is not pure, so we find factors

and

G2 — (X—4)2+(2101+2102+ . )X+(299+2100+ ..

Hensel Factor immediately proves G1(X) is
irreducible.

A(X) = X — 4 gives a proof that Go(X) is
irreducible.
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Example

Factor
F(X) = (X?-2-220)(x? - 24220

over Q.
F*(X) = (X — 1)2, so Hensel Factor fails.

A(X) = X?2/2 gives

R(Y) =Y%—4Y34+(6-239) Y24 (—44+240) Y +
(1 — 239 4 276,

and Hensel Factor fails.

A(X) = X2 — 2 gives
R(Y)=Y* —2%4ly2 4 280
and Hensel Factor fails again, with

ord A(x) = 20.
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Example (cont’d)

Next we get A(X) = X2 -2 —220 and

R(Y) = Y4 4 222y3 4 242y 2,

The factor of Y2 gives

G1(X)=Xx?-2-2%0
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Complexity Problems

We need to guarantee that we can use finite
precision and get the right answer.

In the computation
F;(X) = gcd(F(X), R;(A(X)),

we do not know the R; exactly, and so terms in
the computation that appear to be zero may
not be.

It is difficult to estimate the accuracy of R;(Y)
that is needed, so we use another method,
which involves solving linear equations.
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Precision bound

We need to show that finite approximations of
R;(Y) give correct factorizations.

Theorem 1 O(| Ay |) p-adic digits of
precision suffice.

If R(Y) is irreducible and

[Ro(Y) — R(Y)[| <min(1,[ ARgq ),
then Rp(Y) is irreducible.

If |R(Y) — Bo(Y)Co(Y)| < min(1,|Ag,|), then
we may find a factorization using Hensel's Lemma.
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Main Result

Theorem 2 Let K be an extension of degree
k of Qp, and F(X) € K[X] have degree n.
Algorithm p-adic Factor will factor F(X) in
random time

O <n4—|—6 |092+€ | AF | Iogl-l-epk)

bit operations.

The algorithm is nondeterministic only because
of the mod p factoring step.
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